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Summary

The diffuse presence of robotic subsystems in new space mission concepts intro-
duces variations and uncertainties in system mass and inertia, imposing stringent
constraints to orbital and attitude control. The required performance can be achieved
through several paradigms like robust or adaptive controllers and sometimes a
combination of the two. In this work, a novel indirect controller, belonging to
the robust-adaptive controllers class, is developed, with the core idea of requiring
just one adaptive gain with consequent lower sensitivity and easier tunability. The
algorithm is developed both in centralized and decentralized formulation and tested
for reliability and parameter sensitivity.
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1 INTRODUCTION

Space missions are increasingly becoming more elaborate and are going to require stringent performance in terms of control

and robustness to disturbs and uncertainties, especially due to the presence of inherently variable systems such as robotic arms

and tools1. The concepts of On-Orbit Servicing (OOS), miniaturization, and reusability of space assets are leading a change

of paradigm in the space sector, which demands a even higher level of system autonomy and capability to react and adapt to

different working conditions2. A typical example of such new scenarios is the case of a large carrier spacecraft with the task

to release in different target orbits several passenger satellites3,4: at each release, mass and moment of inertia of the carrier

suddenly change, with the system required to react without losses in pointing accuracy. The concept of OOS, in which a servicer

spacecraft performs different tasks to prolong the lifetime of several target satellites, such as tugging, refueling, station keeping

or even mechanical maintenance, requires the attitude control to be robust to a varying inertia in order to keep the system stable

in all the different maneuvers: the servicer can acts alone or connected with the target, is required to perform complex grasping
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maneuvers to achieve connection, and it needs to handle the satellite stack even during mass transfers like refueling activities.

The requested adaptability can be even greater, in case the properties of the target satellite are not fully known, or the connection

between servicer and target is highly flexible, as it could be in an active debris removal mission5.

From the perspective of industrial application, control laws shall be simpler and less elegant in order to be coded, tuned and

verified with the required standards. Even though there exist several control paradigms that can theoretically achieve extreme

performance, in many cases a simple PID architecture is deemed enough. A good example of optimal controller can be found in

Reference [6] where the inverse optimal control paradigm is used to generate control laws that are optimal with respect to a certain

cost function. In Reference [6] the inverse approach allows to skip the solution of a Hamilton-Jacobi equation. The resulting

control law is complex and dependent on the model used for the synthesis, whereas PID like controllers require few weights

to be set using certain paradigms: a possible way is to use HØ
7 or � synthesis8 to account for uncertainties. The drawback

of robust control is usually an augmented control effort, required to face a determined range of uncertainties. Hence, another

way to face the problem is to use adaptive control theory, where the weights change according to an update law that compares

the system response to a reference model that one wants to track. An example of adaptive control can be seen in Reference [9]

or [10], which incorporates the estimation of the full inertia matrix that may result in excessive computations, especially since

in the adaptive framework the convergence to true values is not guaranteed unless persistent excitation is exerted. Moreover,

the estimation might be corrupted by measurement noises11. The adaptive approach can be extended to a variety of control

paradigms, for example Reference [12] with a straightforward full inertia estimation is set to achieve optimality under the same

premises of Reference [6]. An alternative approach consists in the estimation of the disturbances by a dedicated observer, that

allows the controller to compensate as described in References [13] and [14].

Combining the robust approach and the adaptive approach is not easy but seems the logical answer to the problem. A inter-

esting example of an elegant robust adaptive control can be found in Reference [15] although the tuning issue might presents.

Robust adaptive controllers are generally not model-driven and are designed to face uncertainties or limitations in the control

action16,17,18,19. The structure of the controller in Reference [15] is not conventional although resemble a proportional control:

the problem lies in the variability of performance with the update gains. Several algorithms centered on robustness to actuation

faults were investigated afterwards, often fusing adaptive backstepping and sliding modes20,21,22,23,24,25 or following the origi-

nal premises of Reference [15] like Reference [26]. On the other hand, finite time controllers like References [27,28] can attain

good performance but requires more parameters to tune than Reference [15].

Should be noted that References [15,20,21,26] all suffer from the unwinding phenomena, which does not compromise stability

but lower the performances. In general, we can intend fault tolerance to be tolerance to a certain level of input gain uncertainty

and thus group many fault tolerant control in the greater scheme of control of uncertain systems.
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The proportional feedback controls class is particularly attractive for space applications, for their implementation require

very low computational power, a crucial aspect in a context in which computing capabilities are limited, especially in modern

miniaturized systems. Taking inspiration from Reference [15] in this paper we present a new version of robust adaptive control

which focuses on ease of tunability and predictability of the achievable performances. Such properties are particularly attractive

for the practical implementation of space systems for they shorten development time, and they add strength to the verification

process, a crucial phase of every mission. The version here expounded is tailored to the attitude control, although it can be

extended to a larger class of problems. Since polynomials are involved, one might find a class of controllers resembling the

approach of this paper in References [29,30] where a polynomial control law is determined through convex optimization. The

control law is determined based on the model of the system, whereas here the assumptions on the knowledge of the system are

quite relaxed.

The first major contribution is the theoretical development of the aforementioned controller, validated through extensive sim-

ulations, in which the control structure is simplified to make the tuning dependent on one single hyperparameter. While all

the attractive features of previous works (simple implementation, adaptivity and robustness to failures and uncertainties) are

retained, the tuning process to specific mission requirement is dramatically eased, shortening development activities. Moreover,

the increased predictability of the achievable performances adds strength to the verification process, a crucial phase of the prac-

tical implementation of space missions. The formulation of the proposed algorithm retains sufficient generality to be extended

beyond the original attitude control problem to complex robotic systems typical of the OOS context, although some limita-

tions remains whenever different parts of the system are governed by very different dynamics. Such limitations are overcome

by the second major finding of this work, which is the development of a decentralized version of the controller that can be bet-

ter incorporated in the space robotics problem. Actuation fault and saturation of controls and parameters are also included in

the assessment of a lightweight, robust and easily tunable algorithm. Performances and sensitivity to parameters are assessed

through extensive simulations.

This paper is organized as follows. In Section 2 the attitude control problem, in terms of guidance to attain a certain attitude

and in terms of dynamical response of a satellite angular velocities, is presented, along with its extension to the orbital robot

case. Section 3 then presents the robust adaptive controller built upon the control problem of section 2. Extensive simulations

of spacecraft attitude and robotics control scenarios are shown in Section 4 to highlight the potential of the proposed algorithm,

while conclusions are drawn in Section 5.
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2 PROBLEM FORMULATION

The problem of controlling the attitude of a satellite can be divided in two concentric sub-problems: find the right velocity that

would steer the attitude towards its goal and find the right torque to apply to the system in order to follow such velocity. If the

second loop is faster than the first it is legit to separate the twos and analyze them separately.

This simplification can be accepted in most cases and helps maintaining the simplicity of the controllers and the grasp on the

behavior of the system as a whole. More rigorous results could be achieved using a backstepping method like in References [31,

32], but the resulting controller would be more dependent on the model and have a more complex structure. Hence, here the

separation approach is taken favoring simplicity of the complete control law.

First, the problem of finding the right velocity to be tracked will be briefly addressed, and the dynamical system to be controlled

will be identified. Then, the classic attitude control system will be extended to the orbital robotics case, in which the spacecraft

is distributed across relevant reconfigurable parts (i.e. a robotic arm) that shall be controlled, affecting the overall distribution of

mass and inertia. A typical way to treat the rotational second order system is to use a backstepping procedure6,33,12 leading to a

complete controller, whose convergence cannot be global due to topological obstruction, hence only quasi-global asymptotical

stability is achievable with continuous controllers34,33,35. A similar argument can be made for those controllers that use sliding

modes instead of backstepping16,17,18. In this paper, the focus is put on the controller capabilities to overcome uncertainties and

failures, regardless of the specific guidance law that would effectively track the desired attitude. This way of dealing with the

attitude problem inherently assume full controllability of the system (using a reduced set of actuators would reduce the range of

applicability or neglect it completely).

2.1 Attitude guidance

The attitude of a rigid body needs to be parametrized in order to address the best strategy to achieve the desired pointing.

Historically, quaternions have been used since are better suited to treat unconstrained rotations and are computationally friendly.

Nevertheless, a quaternion q is composed by a real scalar part " and an imaginary vector part � for a total of four elements. To

map onto SO3, one needs to restrain quaternions to lie on the unitary sphere, hence qTq = �T �+"2 = 1. As a direct consequence

there is a sort of duality where any attitude can be represented by q or *q, leading to unwinding phenomena when trying to use

q in a feedback loop.

Let us express the attitude error computed in controller frame using the error quaternion qe and its components �e and "e.

The variation in time of the quaternion components in body axes can be expressed through the angular velocity of the reference

attitude signal !r and the current angular velocity of the body !b as follows:
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Of the two possible solution families, q0 that represent null attitude error has "0 = ,1 and �0 = 0 with consequent !b = !r.
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2.2 Attitude dynamics

The attitude dynamics of a satellite can be represented by the Euler’s equations expressed in a frame fixed with the rotating body

as follows:

�!b = *I*1b �Ib!b * I*1b !b � Ib!b + I*1b ��u + I*1b �d (8)

where Ib and !bare respectively the inertia tensor and the angular velocities expressed in body frame. External torques are

divided in control �u and disturbance �d torques. The term �Ib takes into account geometrical variation of the system caused, for

example, by a robotic appendage or fuel sloshing. Matrix � map the actuators’ action on the system’s degrees of freedom, and

can include gains, actuator misplacement and other disturbs in the actuation line. In general it acts as the mapping between the

commanded control action and the effective action applied to the system, and it depends on the specific system architecture. For

example it can include the misalignment of a reaction wheel meaning that the control torque on one axis will have minor effects

on another axis. In case of failure of one actuator, the mapping will be set to zero not allowing the intended control torque to

reach the system. It is possible to use a simplified notation by setting the state of the system x equal to the angular velocity

vector !b and grouping together terms as follows:

�x = Ax + B�u + g .x/ + d (9)

where the matrixB is the linear mapping between the control action and system dynamics. Such matrix is defined as the product

of a positive definite matrix and the matrix � which in general is time dependent and non-symmetric:

B = I*1b � (10)

In Eq. (9) it has been set A = *I*1b �Ib and g .x/ = *I*1b !b � Ib!b. These are respectively the linear dependency of the state

dynamics from the state vector and the general non-linear state dependent contribution to the system dynamics. Going back to

the actuation mapping, we can further specify � also in case of redundant actuation as follows:

� = Hu��nH�u (11)

where we have introducedHu� as the linear map that convert the input of a set of n actuators into the dynamical system. On the

other hand,H�u is the matrix that maps the desired control action to a signal for each actuator and is commonly taken by control

designers as the pseudoinverse of Hu� which is architecture/hardware dependent. �n can be seen as the matrix that takes into

account faults in actuators: in nominal conditions �n = In�n where n is the number of actuators. In case of complete fault of the
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i th actuator, the� n i element on the matrix diagonal is set to zero; partial degradation of the actuation action can be modeled

with 0 < � n i < 1.

To better view the tracking problem, let us reason in terms of errore seen as the di�erence between a referencer and the

state,e = r * x, from which we can also compute error derivative with respect to time:

†e = †r * B� u * Ax * g .x/ * d (12)

Real satellite control must be designed taking into account di�erent non-ideal conditions, among those we have control

saturation, actuation fault, digital implementation, navigation errors, etc.

The non linear termg .x/ has substantial in�uence when the reference angular velocity is non-zero and can cause divergence

in simple control laws for higher errors. It can be shown that its gross in�uence depends on the error and its square as follows:

ñg .x/ñ f
ù

2ôôôI*1 ôôôF
ñIñF

�
ñrñ2 + ñeñ2 + 2 ñrñ ñeñ

�
(13)

where it has been used the L2 vector normñ�ñ and the Frobenius normñ�ñF to maximize its in�uence. A similar consideration

has been used in Reference [15] in terms of state vector norm. The optimal reference velocity that drives the attitude error to

zero is given in Eq. (2), hencer = ! br andñrñ f � + ôô! r
ôô, thus if we limit the maximumôô! r

ôô we limit alsoñrñ.

2.3 Extension to space robotic problem

The dynamics presented in Sec. 2.2 describing a rigid body subject to control and disturbance toques, and to inertia variations,

can be extended to include large, recon�gurable appendages capable to be controlled. A relevant example of such system is an

orbital robot where a base satellite whose attitude can be described by quaternionqb and angular velocity! b which carries a

robotic manipulator with revolute joints state#. The model in this case would be:

b
f
f
f
d

M ## M #q

M q# M qq

c
g
g
g
e

d
dt

h
n
l
n
j

†#

! b

i
n
m
n
k

= d
�
#; †#; ! b; qb

�
+ u (14)

where in matrixM q# and its transposeM #q are considered all terms that provide direct coupling between the base motion and

the arm motion. The model can be directly adopted to formulate a control in a centralized fashion. Nevertheless, such type of

control, for example based on the generalized Jacobian principle36 or similar free �oating algorithms, requires a very detailed

knowledge of the system, and possibly other methods to increase robustness: couplings between system parts are non constant

in time, and joints on manipulators are usually controlled in a decentralized way. Hence, the practical realization of such a

control can be hard to achieve. On the other way round, a decentralized formulation would allow to attain good performance, still

maintaining a certain ease of formulation by breaking down the system into manageable subproblems which are only weakly
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related to each other and can be solved independently37,38. This is particularly evident in the case in which di�erent parts of the

systems are characterized by very di�erent dynamics, i.e. in case of very di�erent moment of inertia, like the case of a robotic

manipulator attached to a much more massive main body.

In the following Section, a new indirect robust adaptive controller is formulated in both centralized and decentralized version.

3 CONTROL FORMULATION

3.1 Feedback control

Taking into account the passivity considerations of the attitude control problem39, a proportional velocity feedback control law

is the simplest that can be implemented. Velocity-free controllers are not considered here. Taking into account a feedforward

term for a generic time varying reference signal we have the following control law:

� u = K .� � e + †r/ (15)

where� is a vector of cuto� frequencies for the angular velocity loop,� denotes the Hadamard product, andK is the feedback

proportional gain matrix whose generic component is indicated withki . K can be determined to enforceBK to be positive

de�nite, however this might be subject to uncertainties in the determination ofB or its changes during the mission. In dynamical

inversion controllers we haveK ô B *1 and thus†e = * � � e* Ax * g .x/ * d which is asymptotically converging to zero only

on special cases and with no disturbances. Since terms due to inertia variation and non linear cross coupling depends on the

state, this control law is not able to guarantee convergence in all the error space. In fact, taking the following CLF:

V! 0
.e; x/ =

1
2

eT e (16)

we have a derivative that is:

†V! 0
.e; x/ = * eT � � e

«­̄­¬
g0

* eT .Ax + g .x/ + d/ (17)

which in general is not always negative de�nite. The only thing that we can assume about the disturbing terms is some sort of

upper limit in the magnitude. In fact, exogenous disturbances to a spacecraft attitude are mainly due to atmospheric drag (if the

satellite is in low Earth orbit), solar radiation pressure, magnetic �eld interaction with satellite dipole and non uniformity of

the gravity �eld. Since such disturbance torques depend on the interaction of the external environment with inherently limited

features of the spacecraft (ballistic coe�cient, velocity, residual electric dipole, and moment of inertia), it is reasonable to assume

them as bounded40. For what concern endogenous disturbances, they arise mainly due to e�ect such as actuators imprecision
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or misalignment, the presence of �exible appendages, fuel sloshing, mass depletion due to fuel consumption, and moving parts.

Most of these quantities are characterized before launch, with mass and vibration tests. Several empirical models are commonly

adopted to characterize sloshing as well41,42, while e�ects like mass depletion and moving parts are limited by the performance

of propulsion systems and robotic masses and actuators. Hence, we can reasonably assume thatd has bounded modulus,ñAñF is

upper bounded, and that the reference signal and its derivative are bounded. The latter poses limits to attitude tracking, basically

putting an upper limit on the bandwidth of the complete controller.

The controller presented in Reference [15] is the most prominent controller of the proportional velocity feedback control class

and was used here as a starting point to deliver a novel adaptive robust controller that guarantees stability, performance and is

easy to tune.

In Reference [15]K = kI3•3 where the scalar variablek is updated through a non straightforward but Lyapunov stable law

function of the norm of the state and the error. The control law is summarized in Eq. (18) with a little modi�cation from the

original implementation to take into account� and the feedforward†r , and a slightly modi�ed notation to uniform to convention

adopted in this work:

h
n
n
n
l
n
n
n
j

� u = k .� � e + †r/ ; k =
�
� 0 + � �

�

� � =
‚b�

ñeñ+�
; � = 1 + ñxñ + ñxñ2

†‚b = * � 1
‚b+ � 2

ñeñ2�
ñeñ+�

; � = �
1+�

(18)

where� � , ‚b, and� are intermediate quantities with no physical meaning, designed to achieve a self sti�ening controller

that guarantees bounded convergence15. In spite of this very attractive feature, the implementation is not straightforward, as it

depends by the tuning of the three independent parameters
�
� 1; � 2; �

�
> 0 that might cause a lack of robustness with respect to

the gains. On the other hand, the main feature of this algorithm is the error convergence to a very small boundary that depends

mainly on the combination of parameters and upper boundaries on the disturbing terms as previously explained.

The controller of Eq. (18) will be referred to as Indirect Robust Adaptive Control (IRAC) for any following reference.

3.2 Centralized robust controller

In order to avoid gain sensitivity it is possible to derive a similar controller adopting a simpli�ed structure, with the advantage

that only one parameter is left to be tuned. Let us take a centralized controller with scalar proportional termk as follows:
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� u = k .� � e + †r/ (19)

k = .ñeñ + 1/ f (20)

Then take the CLF15:

V1 .e; f / =
1
2

eT e +
1

2
 rh
.C * hf /2 (21)

whereC is a �nite positive constant scalar entity that must satisfy few conditions that will be introduced later.f is a time varying

positive parameter,
 r > 0 a constant, andh > 0 is the minimum in�uence of the control torques to the system.

Let us derive w.r.t. time (21) and substitute (12) and (19):

†V1 .e; f / = * keT Bdiag.� / e + .C * hf /
0

*
†f


 r

1

+ eT ��
I3•3 * Bk

�
†r * Ax * g .x/ * d

�
(22)

Then we substitute the relation betweenk andf of (20) and determine a scalar valued function greater than the CLF derivative

as follows.

†V1 .e; f / f *
�
ñeñ2 + ñeñ3�

hf + .C * hf /
0

*
†f


 r

1

+ ñeñôôô
�
I3•3 * Bk

�
†r * Ax * g .x/ * dôôô (23)

In Eq. (23) we have taken the highest possible value for the scalar products of disturbing elements and the minimum control

in�uence over the CLF derivative.

For the latter it has assumed that exists ah such aseT Bdiag.� / e > h ñeñ2. This is always true for a positive de�nite matrix

(symmetry is not required, this poses some limits on� ). h constitutes de facto the minimum in�uence of the controller onto

the system and it is closely related to the controllability of the system. The only requirement for this proof is thath is a strictly

positive value, which implies that the system must be controllable. A simple example of this would be a case where� n of Eq. (11)

has rank lower than three: there are not enough actuators to fully control the system andh would be null. Same e�ect would be

caused by inverted signs in the actuators, whereh would be negative and the controller would not be able to recover.

A term for sure larger than the disturbing components can be also found, leaving a direct dependency onñeñ:
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†V1 .e; f / f *
�
ñeñ2 + ñeñ3�

hf + .C * hf /
0

*
†f


 r

1

+ C1 ñeñ + C2 ñeñ2 + C3 ñeñ3 (24)

where the coe�cientsC1, C2 andC3 are given by:

h
n
n
n
l
n
n
n
j

C1 = ñ†rñM + ñAñF ñrñM + C3 ñrñ2
M + ñdñM

C2 = ñAñF + 2C3 ñrñM

C3 =
ù

2ôôôI*1 ôôôF
ñIñF

(25)

where withñ�ñM is intended the maximum value the norm of the argument can take. It is possible to increase the second and

third order disturbs as follows:

C
�
ñeñ + ñeñ2 + ñeñ3�

>P3
C .ñeñ/ (26)

P3
C .ñeñ/ =C1 ñeñ + C2 ñeñ2 + C3 ñeñ3 (27)

wherePn
i .ñeñ/ represent the polynomiali of ordern in the scalar abscissañeñ. This relation becomes de facto the de�nition of

the constantC, implying C g C1, C g C2, andC g C3.

This leads to:

†V1 .e; f / f C ñeñ + .C * hf /
�
ñeñ2 + ñeñ3�

+ .C * hf /
0

*
†f


 r

1
(28)

†f can be expanded as in Eq. (29), in this case the second and third order e�ects would be removed but no conclusion on the

CLF derivative sign can be made as it would be generally lower thanC ñeñ.

†f = 
 r

�
ñeñ2 + ñeñ3�

(29)

This deviation was intended to show the de�nition ofC that lead to Eq. (29). Going back few steps and leaving second and

third order terms leads to a di�erent conclusion: substituting (29) in (24) leads to
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†V1 .e; f / f P3
1 .ñeñ/ (30)

P3
1 .ñeñ/ =C1 ñeñ +

�
C2 * C

�
ñeñ2 +

�
C3 * C

�
ñeñ3 (31)

which is a third order polynomial with second and third order coe�cients lower or equal to zero. It has only two admissible

roots,ñeñ1 = 0 andñeñ2 > 0. For anyñeñ > ñeñ2 we will have †V1 .e; f / < 0.

FIGURE 1 Lyapunov functions derivatives. The upper boundary of CIRAC†V1, P3
1 .ñeñ/, is denoted in blue, red marks the

derivative of a saturation control. The theoretical development of controllers does not take into account saturation: in real systems
stability is limited by the available control authority, and the actual trend of the CLF derivative is the maximum of the two
curves, highlighted by the green envelope. In light blue the trend ofP3

1 .ñeñ/ asf increases is also shown.

In conclusion, this modi�cation requires to tune only one gain
 r . Figure 1 shows in blue the trend ofP3
1 .ñeñ/ which constitutes

the upper boundary for the CLF derivative†V1. It can be seen how the error space can be divided inU1 =
�
ñeñ1 ; ñeñ2

�
where

derivative ofV1 .e; f / can be positive and a regionU2 =
�
ñeñ2 ; Ø

�
where the derivative is always negative. Since inU2 we have

†V1 .e; f / < 0 we can conclude that bothe andf are limited. This behavior identi�es a Uniform Ultimate Boundedness (UUB)

convergence of controller (19) � (20) with update (29). For simulations, this controller will be indicated as Centralized Indirect

Robust Adaptive Control (CIRAC).

In practice, control saturation imposes an upper threshold of convergence for reference tracking. The red curve in Figure 1

denotes the saturation curve, referred to a controller that outputs always the maximum torque with the proper sign:� u =

umsign.e/ with um = ôô� u
ôôM . Such relation sets the theoretical highest action a real controller can provide, and its more evident

practical consequence is that there exists an error upper boundaryñeñs3 beyond which the real controller will not be able to
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recover, due to the limited available control authority. The overall behavior of a real controller would follow the maximum of

the two curves, highlighted by the green envelope in the �gure.

A possible drawback in this type of controller is the problem of gain saturation. As it is clear from (29), the parameterf can

only grow in time and with a train of reference step functions it would saturate. A possible addition is a negative bias in (29)

that would lower the value off if the error goes below a certain thresholdñeñM .

†f = 
 r

�
ñeñ2 + ñeñ3�

* 
 r

�
ñeñ2

M + ñeñ3
M

�
(32)

This does modifyP3
1 .ñeñ/ by a zero order term.C * hf /

�
ñeñ2

M + ñeñ3
M

�
that can be considered a translating term for

P3
1 .ñeñ/. Such term lowers the higherf becomes, and there is a theoretical valuef for which †V1

�
e; f

�
< 0 Åe. This theoretical

value does not take into account saturation. Iff grows it will reach inevitably a value for whichñeñ < ñeñM and its update

would change sign; the velocity error settles approximately aroundñeñM . In Figure 1, in light blue, it is possible to appreciate

the vertical translation due tof and the consequent reduction ofñeñ2. This is intuitive as the increase in rigidity would reduce

the �nal error bound.

The termhf would then theoretically settle at a value which is function ofP3
C

�
ñeñM

�
andñeñM as in the following equation:

hf ðend ô
P3

C

�
ñeñM

�

ñeñ2
M + ñeñ3

M

(33)

The order of magnitude of the controller gain
 r can be roughly determined by settling the mean speed of update and the

expected plausible errors.

3.3 Decentralized robust controller

The previous centralized control can be adapted to work decentralized with few modi�cations. Let us take the control action to

be:

� u = k � .� � e + †r/ (34)

k = ðeð� f + f (35)

where it has been usedð�ðas the element-wise absolute value operator, such that all components ofðeðare positive. In this

speci�c case it has been usedk to indicate a column vector made by three di�erentki . A new CLF is determined fromV1 .e; f /

with minor modi�cation to comply with the increased dimension off as:
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V2 .e; f / =
1
2

eT e +
1

2
 rh
.C1 * hf /T .C1 * hf / (36)

where with1 we have denoted the vector made of ones on every axis. It is equivalent to state that each component off should

update according to a singleC that is de�ned for the whole system. Then, substituting Eq. (34) and Eq. (35) and upper bounding

the derivative ofV2 .e; f / like in the previous case leads to:

†V2 .e; f / f * heT diag.f / e * heT .e � ðeð� f /

+P3
C .ñeñ/ + .C1 * hf /T

0
*

†f

 r

1
(37)

The decentralized update law off can be written similarly as (29) or (32) but in a decentralized fashion.

†f = 
 r

�
ðeð2 + ðeð3�

(38)

Then substituting Eq. (38) into Eq. (37) and writing in a concise way the �rst two terms leads to:

†V2 .e; f / f * h
É �

f �
�
ðeð2 + ðeð3��

+ P3
C .ñeñ/ * .C1 * hf /T �

ðeð2 + ðeð3�
(39)

Then, since it is clear thatf T �
ðeð2 + ðeð3�

=
³ �

f �
�
ðeð2 + ðeð3��

we reach the following result recalling Eq. (31):

†V2 .e; f / f C1 ñeñ + C2 ñeñ2 + C3 ñeñ3 * C
É �

ðeð2 + ðeð3�
(40)

where1T
�
ðeð2 + ðeð3�

is equal to the sum for all components/axis of
�
ðeð2 + ðeð3�

. Now, let us upper boundP3
C .ñeñ/ as follows

by using
³

.ðeð/ g ñeñ, ñeñ2 =
³ �

ðeð2�
, and3

ù
3

³ �
ðeð3�

g ñeñ3 that are valid for anye:

P3
C .ñeñ/ f P3

C¨ .ðeð/ (41)

P3
C¨ .ðeð/ = C1

É
.ðeð/ + C2

É �
ðeð2�

+ 3
ù

3C3

É �
ðeð3�

(42)

P3
C .ñeñ/ f C

� É
.ðeð/ +

É �
ðeð2�

+
É �

ðeð3� �
(43)

from which follows:

†V2 .e; f / f C1 ñeñ +
�
C2 * C

� É �
ðeð2�

+
�

3
ù

3C3 * C
� É �

ðeð3�
(44)

Since the de�nition ofC in Eq. (26) can implyC > C2 andC > 3
ù

3C3 we can minimize the negative terms of Eq. (44) and

arrive at:
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†V2 .e; f / f P3
2 .ñeñ/ (45)

P3
2 .ñeñ/ = C1 ñeñ +

�
C2 * C

�
ñeñ2 +

H

C3 *
C

3
ù

3

I

ñeñ3 (46)

Like for the centralized case we have a third order polynomialP3
2 .ñeñ/ with second and third order coe�cients negative. All

the considerations made before still apply for the decentralized case. Adding the bias in the adaptive term update like in Eq. (47)

allows to assure theoretically thatf is bounded, as a pure translating term is added toP3
2 .ñeñ/ that lowers withf as shown in

Eq. (48). Of course, withðeðM is intended the maximum allowable error per axis.

†f = 
 r

�
ðeð2 + ðeð3�

* 
 r

�
ðeð2

M + ðeð3
M

�
(47)

†V2 .e; f / f P3
2 .ñeñ/ + .C1 * hf /T �

ðeð2
M + ðeð3

M

�
(48)

Due to its nature this algorithm can be called Decentralized Indirect Robust Adaptive Control (DIRAC). The di�erence with

respect to the centralized controller is that each axis can work independently from the others. This feature may �nd limited

uses in attitude control but allows for a practical extension to the orbital robot case. As far as attitude control is concerned, the

di�erence lies in the fact thatP3
2 .ñeñ/ g P3

1 .ñeñ/ and that the �nal value ofh ñf ñ is approximately given by

h ñf ñðend À
P3

C

� ôôðeðM
ôô
�

ôôôðeð2
M + ðeð3

M
ôôô

(49)

It is then obvious that such value can be greater than the value of CIRAC, thus it is generically expected to have higher

expenses using DIRAC instead of CIRAC.

4 NUMERICAL SIMULATIONS

In order to assess the performance, the robustness, and the ease of tuning of the proposed methods, a simulation campaign

has been carried out and it is here presented. The �rst part is dedicated to the attitude control problem with comparison of

di�erent algorithms cited or presented in this work. Comparisons are made in terms of controller parameter sensitivity and in

terms of initial attitude error. With the same model, also convergence claims of CIRAC are analyzed. In the second part, an

implementation of the decentralized adaptive control applied to an orbital robotic case is studied.

4.1 Attitude control

The test case sees a satellite with the following inertia matrix:
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I =

b
f
f
f
f
f
d

12:75 5:20 *4 :76

5:20 33:00 *9 :00

*4 :76 *9 :00 18:25

c
g
g
g
g
g
e

kg m2 (50)

and with general properties listed in Table 1. This includes also attitude guidance parameters, kept constant for the comparison,

and limits on the proportional gains of the controllerski . Such quantities are kept constant for every simulation. The values of

the controller parameters, including the initialki values and other gains are listed in Table 2. Two di�erent simulation campaigns

are conducted to check initial condition and gain sensitivity of IRAC, CIRAC and DIRAC.

TABLE 1 Test case data.

Symbol Value

um 0:5Nm
� 1

2
I3•3

� 0:05
ki [0:1; 50]

qr;0

�
0 0 0:26 0:97

� T

! r

�
0 0:0010 0:0017

� T

d
�
0 0 0

� T

ñ†rñM 0:0002; rad_s2

ñrñM 0:02; rad_s

TABLE 2 Controllers data.

Controller ki Other Gains

IRAC15 0:6375

h
n
l
n
j

� 1 = 0:01

� 2 = 100

� = 0:1
CIRAC 0:6375 
 a = 104

DIRAC 0:6375 
 a = 105

4.1.1 Sensitivity to gain variation

To assess the system sensitivity to the variation of the gains a set of 1000 test cases has been run. In each simulation, the initial

conditions (null attitude and rotational rate) and the target desired ones (Table 1) has been kept constant, while the "Other

Gains" in Table 2 have been varied in each run by multiplication for a factor101:5� with � generated randomly with a uniform

distribution in the range[*1 ;1].
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The duration of the simulation is set to 1200 seconds, and at timet = 600s, a failure in a reaction wheel (it stops giving torque

to the system) is simulated with an instantaneous change inB (which becomes also non-symmetric). A pyramid con�guration

of 4 reaction wheels is assumed. The reference is given byqr , updated with a constant angular velocity! r .

FIGURE 2 IRAC gain sensitivity. Dashed lines highlight the envelope of simulations, the red full lines indicate the mean curves.

FIGURE 3 CIRAC gain sensitivity. Dashed lines highlight the envelope of simulations, the red full lines indicate the mean
curves.

Figures 2 and 3 present all the simulations performed with IRAC and CIRAC respectively. DIRAC results are not reported

with similar graphs as the di�erence with CIRAC simulations is minimal. For completeness, DIRAC results are included in

Figure 4.
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With � i and� f are identi�ed the represented function standard deviation at the beginning and at the end of the simulation

respectively, while„yf is the �nal mean value of the relative curve set. The �rst curve represents the CLF (16) relative to the

angular velocity error! e and the second the attitude error CLF (3), both in logarithmic scale. The last one represents the e�ort

of the controller with the integral of the squared norm of the commanded control action.

For both the IRAC and CIRAC cases, the wheel failure re�ects in a slight but noticeable increase in the errors starting at

t = 600 s. Both the CIRAC and DIRAC scheme (the latter not showed but exhibiting an analogous behavior) are then e�ective

in counteracting actuator failures. Moreover, the lower mean �nal values (denoted by� f in Figures 2 and 3) of errors and control

e�ort achieved by CIRAC with respect to IRAC denote a general better performance in the error/e�ort trade-o�, while the

reduced dispersion (highlighted by the gray area) hints a reduced sensitivity to parameter variation.

FIGURE 4 Gain sensitivity analysis: control e�ort vs �nal attitude error.

Figure 4 shows the variation of �nal attitude error with respect to the control e�ort at the variation of the tuning parameters.

Thanks to the fact that only one single parameter needs to be tuned, for CIRAC and DIRAC the data points concentrate on a

single curve, identifying a monotonic decreasing relationship between e�ort and error. Higher values of the gain rate adaptation

parameter correspond to a faster system response and then to a lower error, as the relaxation factor is also multiplied by this gain.

This behavior constitutes one of the major �ndings of this work, and it is a very attractive feature, in the context of a reliable

industrial implementation: the system's sensitivity to the gain rate adaptation change is very simple to be extrapolated, enabling

a fast tailoring of the algorithm to the speci�c problem.

On the contrary, IRAC presents a di�erent behavior as data points are scattered on the whole domain, depending on 3 tunable

constants. In general, a higher number of parameters corresponds to a larger �exibility in the adaptation to the speci�c problem.

Nevertheless, the sensitivity to parameters change can be high and unpredictable, making di�cult such tuning action. This is

evident in Figure 4, where in most of the cases IRAC exhibits worse performances than CIRAC, except for a very few points,
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meaning that a very good performance with IRAC is attainable for some very speci�c combination of gains that may be di�cult

to �nd.

It can be seen that the CIRAC requires always a lower control e�ort than DIRAC regardless of the update gain. This is

due to the fact that, in this speci�c simple case, the system dynamics on the 3 degrees of freedom are similar: the centralized

approach is then capable to fully adapt to the system with an almost optimal control e�ort. On the contrary, in absence of relevant

asymmetries in the inertia distribution, the decentralized approach requires a larger e�ort to achieve comparable accuracy. Such

behavior is coherent with the theoretical development of DIRAC.

4.1.2 Sensitivity to initial conditions

The robustness and convergence rate of the controllers is tested through simulations with initial attitude set randomly, spanning

the whole attitude space with a uniform distribution. Time duration, wheel failure and the update of the reference attitude are kept

identical to the previous case. The gains of the controllers are kept constant as per Table 2. Additional simulations are performed

using a constant non adaptive controller, called for simplicity �MAX�, with proportional gain set to the highest admissible value

in the range of Table 1. MAX controller is introduced for comparison purposes, for it constitutes a boundary of the theoretical

achievable performances in the e�ort/error space for linear feedback control.

FIGURE 5 IRAC with di�erent initial conditions. Dashed lines highlight the envelope of simulations, the red full lines indicate
the mean curves.

Figures 5 and 6 show the behavior of IRAC and DIRAC with di�erent initial conditions. CIRAC results are not reported as

the di�erence with DIRAC is not highlighted by this representation. Again, actuator failure is visible in the errors' trend for all

the controllers in a discontinuity att = 600 s, e�caciously handled in all the cases.
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